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Fermi arc surface states, a hallmark of topological Dirac semimetals, can host carriers that exhibit
unusual dynamics distinct from that of their parent bulk. Here we find that Fermi arc carriers
in intrinsic Dirac semimetals possess a strong and anisotropic light matter interaction. This is
characterized by a large Fermi arc optical conductivity when light is polarized transverse to the
Fermi arc; when light is polarized along the Fermi arc, Fermi arc optical conductivity is significantly
muted. The large surface spectral weight is locked to the wide separation between Dirac nodes
and persists as a large Drude weight of Fermi arc carriers when the system is doped. As a result,
large and anisotropic Fermi arc conductivity provides a novel means of optically interrogating the
topological surfaces states of Dirac semimetals.
Three-dimensional topological Dirac semimetals
(DSMs) possess four-fold degenerate band touchings
in the bulk (Dirac points) that are stabilized by the
underlying crystal symmetries [1–3]. Of special interest
are the unusual surface states in DSMs, which are local-
ized on particular exposed crystal surfaces even in the
presence of bulk metallic states. These Fermi arc surface
states feature several interesting properties including
spin-momentum locking [3, 4], and possess a dispersion
that spans the large expanse of momenta between the
Dirac nodes (Fig. 1a) [3–12]. As a result, carriers on
the Fermi arc surface states exhibit markedly different
dynamics from that of carriers in the bulk — a hallmark
of the unconventional Fermiology of DSMs [13, 14].
Here we argue that Fermi arc surface states in DSMs
can mediate a large optical response. In particular, for an
undoped DSM with Dirac nodes at kz = ±k0 (Fig. 1), we
find that the interband optical conductivity associated
with optical absorption in Fermi arc surface states can
attain large values of several tens of e2/h when incident
light is polarized along the xˆ direction (Fig. 2a). These
values are far larger than those of other gapless two-
dimensional electron gases (e.g., undoped graphene [15]).
Further, interband optical conductivity displays a dis-
tinctive peak like frequency dependence which does not
vanish at small frequencies (Fig. 2a) arising from the
double-arch-shaped dispersion of the DSM Fermi arc
states (Fig. 1). This contrasts with the vanishing optical
conductivity expected from the DSM bulk [16].
Large DSM surface absorption along xˆ stems from the
wide range of momenta between −k0 < kz < k0 that
DSM Fermi arc surface states span. As a result, a large
set of particle-hole transitions occur, leading to large sur-
face absorption values. Additionally, since DSM Fermi
arc surface states arise from a band inversion between
bands of different parity, they possess a canted spin tex-
ture. As we explain below, this spin texture mediates
contrasting optical selection rules for interband electron-
hole transitions when incident light is polarized in xˆ or zˆ
directions. As a result, when incident light is polarized
along zˆ, we find absorption resulting from transitions be-
 
a b
A'
A
B'
B
FIG. 1: (a) Schematic dispersion for surface states (blue and
yellow) between the Dirac cones (purple) in three-dimensional
topological Dirac semimetals; surface is terminated normal to
yˆ. Upper and lower branches of surface states are degenerate
at (kx, kz) = 0 and at the Dirac points (kx, kz) = (0,±k0),
while gapped elsewhere with gap characterized by ∆k, see
text. (b) Particle-hole excitation between surface states at
different energies. Transitions from A → A′ (B → B′) cor-
respond to photon energy ~ω < 2∆0 (~ω > 2∆0). Red and
blue arrows display the spin textures.
tween Fermi arc surface states can be 100-1000 times
smaller, displaying a large anisotropy of the Fermi arc
surface states (Fig. 2b).
When the DSM is doped, the large values of DSM sur-
face absorption persists in the form of a Drude weight
along xˆ; consequently this mediates a large intraband
(Drude) absorption. The total optical weight for both
intra- and inter-band absorption along x is conserved and
we obtain an explicit expression for the spectral weight
that is directly dependent on the separation between the
Dirac nodes, 2k0. Since the large DSM surface absorp-
tion is locked transverse to the vector separating the pair
of Dirac nodes, DSM surface absorption can be used as a
probe of the crystal orientation. Its distinctive frequency
dependence departs from that expected from bulk states
and provides an optical means of probing the dynamics
of the DSM Fermi arc surface state carriers.
Effective hamiltonian and surface states— We
begin by considering three-dimensional topological Dirac
semimetals (DSMs) [1, 2, 12] which possess rotational
symmetry along the kz axis, and a pair of Dirac points at
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2±q0 = (0, 0,±k0) within the Brillouin zone [3–11]. These
can be described by a minimal 4×4 Hamiltonian [1, 2, 12],
H = H0 +H′ with
H0 = mqs0τ 3 + v(kxs3τ 1 − kys0τ 2), H′ ∼ s1, s2, (1)
where q = (kx, ky, kz) is taken about the Γ point, s0 (τ 0)
is an identity matrix, and s1,2,3 (τ 1,2,3) are Pauli matrices
representing the spin (orbital) degrees of freedom. Here,
mass takes the form mq = −m0+m1k2z along the kz axis,
with m0 > 0 capturing band inversion [1, 2] between the
Dirac points ±k0 = ±
√
m0/m1.
Since H0 in Eq. (1) possesses only diagonal s0, s3
terms, H0 is block diagonal in spin space; the pair of 2×2
blocks (denoted s = ±1) are related via time-reversal
symmetry (TRS) [1, 2, 4]. In contrast, H′ ∼ s1, s2 is
purely off-diagonal, coupling the s = ±1 blocks. Further,
it is weak with H′ ∼ O(k3), and vanishes along the kz
axis due to rotational symmetry (RS) [1–3]. As a result,
a pair of degenerate Dirac nodes emerge at ±q0 where
scattering between s = +1 and s = −1 blocks vanish. H
captures the essential low-energy physics of DSMs, and
has been recently used to describe several DSM systems
including Na3Bi and Cd3As2 [8, 9].
Of particular interest are surface states that develop
on certain exposed surfaces due to the band-inversion
of conduction and valence bands with different parities
between the Dirac nodes. To illustrate these states, we
will consider a DSM in the region y ≥ 0 described by
Eq. (1); with vacuum occupying y < 0 . For each fixed
k = (kx, kz) between the Dirac points projected onto the
x-z plane, each block s = ±1 of Eq. (1) describes a one-
dimensional Dirac system with a sign changing mass as
a function of y [2, 12]. As a result, Jackiw-Rebbi type
surface states emerge, and are localized about y = 0:
|Ψk,s(y)〉 = Ce−y/λkus, (2)
where us=+1 = (1, 1, 0, 0)
T , us=−1 = (0, 0, 1, 1)T , decay
length λk = −v/mk > 0 [19], and C is a normalization
constant. Here us are k-independent block-spinors aris-
ing from the s = ±1 block in Eq. (1) respectively [19].
The surface states in Eq. (2) only exist between kz = ±k0
due to wavefunction normalizability [19]. Indeed, when
kz → ±k0, λk diverges, indicating that Ψk,s(y) merges
into the bulk.
Using the surface state wavefunctions in Eq. (2) as a
basis {|Ψk,s=+1(y)〉, |Ψk,s=−1(y)〉}, we write a Hamilto-
nian describing the surface electronic behavior as
Hsurf = vkxσz + ∆kσx, (3)
where the first term is obtained directly from Eq. (1):
vkxσz = 〈Ψk,s(y)|vkxs3τ 1|Ψk,s(y)〉 describes the linear
dispersion of the surface states. The second term ∆kσx
describes inter-block mixing [e.g., intrinsic ∆kσx =
〈Ψk,s(y)|H′|Ψk,s′(y)〉 for s 6= s′]. We note that scattering
induced by defects or a surface potential that break the
crystalline order may also lead to a finite ∆k [13]. As a
result, below we will use a phenomenological model for
∆k.
Crucially, the spinors {|Ψk,s=+1(y)〉, |Ψk,s=−1(y)〉} de-
couple at zero nodes of ∆k as governed by the symme-
tries of the system. For example, at k = 0, ∆k=0 van-
ishes since |Ψk=0,s(y)〉 and |Ψk=0,−s(y)〉 are a Kramers
pair related by TRS . To see this explicitly, note ∆k=0 =
〈Ψk=0,s|H(Γ)|Ψk=0,−s〉 = 〈Θ2Ψk=0,s|H(Γ)|ΘΨk=0,s〉 =
−∆k=0 = 0 [19]. Similarly, in the presence of RS about
the kz axis [1, 2] on the surface, ∆k also vanishes at
the two projected Dirac points ±k0 = (0,±k0). Inter-
estingly, while the zero node at k = 0 is robust against
disorder/defects that preserve TRS, the nodes at ±k0 are
more fragile and can be gapped out by non-rotationally
symmetric defects on the surface.
The eigenfunctions of Eq. (3) can be readily ob-
tained as ψ+k = [sin(φk/2), cos(φk/2)] and ψ
−
k =
[cos(φk/2),− sin(φk/2)], with energy eigenvalue ξ±k =
±ηk, where tanφk = ∆k/vkx [20] and ηk = (∆2k +
v2k2x)
1/2. Each of the components of ψk denote the wave-
function weight on the s = ±1 blocks respectively repre-
sented by |Ψk,+1〉 and |Ψk,−1〉. These surface states can
be probed directly via angle-resolved photoemission spec-
troscopy (ARPES) [3–8]. Additionally, carriers moving
along DSM states may also exhibit peculiar cyclotron or-
bits [13] and can be probed via quantum oscillations [14].
Inter Fermi arc transitions — As we now show,
DSM surface states in Eq. (3) exhibit a strong light-
matter interaction. In the presence of normally incident
light E = E cosωt to the exposed surface, electron-hole
transitions occur between the occupied and unoccupied
surface states (Fig. 1a,b). These can be described via the
standard golden rule technique as
W =
2pi
~
∑
k
|Mk|2δ(ξ+k − ξ−k −~ω)f(ξ−k )[1−f(ξ+k )], (4)
where f(x) = [e(x−µ)/kBT + 1]−1 is the Fermi function,
with µ the chemical potential.
For clarity, we adopt a simplified model for ∆k =
∆0 sin(pikz/k0) in Eq. (3). This choice of ∆k captures
the zero nodes at k = 0, as well as the two projected
Dirac nodes at (0,±k0) [19]. We note that other mod-
els for ∆k can also be used, however, we do not expect
them to alter the qualitative conclusions discussed below.
Writing k → k − eA/~c in Eq. (3), with the vector po-
tential satisfying E = (1/c)∂tA and expanding to linear
order in E yields the matrix elements
Mk =
ie
2~ω
〈ψ+k |vxExσz + vz cos(pikz/k0)Ezσx|ψ−k 〉, (5)
where vx = v, and vz = pi∆0/k0.
Particle-hole excitations occur on the constant energy
contours defined by ηk = ~ω/2 in k-space since energy
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FIG. 2: Real part of interband conductivity Re(σxx) [solid
lines in (a)] and Re(σzz) [solid lines in (b)] from inter Fermi
arc state transitions obtained from Eq. (11) at µ = 0.
For comparison, bulk inter-band transitions for a 500 nm
thin slab, with bulk carrier velocity Ax = v and Az =
250 meV · nm (≈ 3.8×105 m · s−1), are shown in dashed lines
(see [16, 19] for detailed calculations). We have chosen units
e2/4~ for the optical conductivity of graphene as a reference.
Parameters used: v = 450 meV · nm (≈ 6.9 × 105 m · s−1)
and k0 = 1.5 nm
−1. Red, green, and blue correspond to
∆0 = 10 , 20 , 30 meV respectively.
conservation demands δ(ξ+k − ξ−k − ~ω) = δ(2ηk − ~ω).
These contours can be classified into two types: (A) ~ω <
2∆0 wherein particle-hole excitations occur along con-
tours with multiple disconnected segments (see Fig. 1b),
and (B) ~ω > 2∆0 where particle-hole excitations oc-
cur along two long singly-connected arcs (the so-called
“Fermi arcs”, see Fig. 1b). When ~ω = 2∆0, when
the particle-hole excitations transform from A- to B-type
contours.
In order to keep track of the distinct topologies of A-
and B-type contours, it will be convenient to define the
particle-hole excitation spectrum as
ρ(ω, ν) =
∫ ∞
0
R(η, ν)δ(2η − ~ω)dη, R =
∣∣∣∣∂(kx, kz)∂(η, ν)
∣∣∣∣ ,
(6)
with ν(k) = φk for ~ω < 2∆0 describing A-type con-
tours, and ν(k) = pikz/k0 for ~ω ≥ 2∆0 denoting B-
type contours; in both cases −pi < ν < pi. This
choice of ν(k) results in simple forms for the Jaco-
bian: R(η, ν) = 2D(η/∆0)[1 − (η/∆0)2 sin2 ν]−1/2 for
A-type contours (~ω < 2∆0), and R(η, ν) = 2D[1 −
(∆0/η)
2 sin2 ν]−1/2 for B-type contours (~ω ≥ 2∆0),
where D = (2pi)−2(∆0/vxvz) [19].
Using Eq. (6), we can write the transition rate, Eq. (4),
in a compact form
W (ω) =
2pi
~
∫ pi
−pi
dν|M(ω, ν)|2ρ(ω, ν)f(ξ−)[1− f(ξ+)],
(7)
where the matrix elements M =Mx +Mz are
Mx = eEx
2~ω
vx sin ν
ω¯
1
2 (1+ζ)
, Mz = eEz
2~ω
vz cos ν
(1− ω¯−2ζ sin2 ν)− 12 ,
(8)
where ω¯ = ~ω/2∆0, and we have noted 〈ψ+k |σx|ψ−k 〉 =
cosφk and 〈ψ+k |σz|ψ−k 〉 = sinφk. Here ζ(ω¯) = sgn (ω¯−1)
tracks the A-type (where ζ = −1) and B-type (where ζ =
1) contours that determine the particle-hole excitations.
Performing the integral in Eq. (6), we obtain
ρ(ω, ν) =
1
2pi2
∆0
vxvz
ω¯
1
2 (1−ζ)
(1− ω¯−2ζ sin2 ν) 12 . (9)
As we will see below, the distinct angular features of
both M and ρ lead to a large anisotropy in the inter-
band absorption spectrum when the incident light field
is polarized along xˆ vs zˆ.
Using Ohms’ law, ~ωW (ω) = Re [σ(ω)]|E|2/2, and
Eq. (7) we obtain the inter-band conductivity for E po-
larized along xˆ and zˆ directions as
Re
[
σii(ω)
]
= (e2/~)χii(ω)Θ(~ω/2− |µ|), (i = x, z),
(10)
where we have approximated f(ξ−)
[
1 − f(ξ+)] =
f(−~ω/2)[1 − f(~ω/2)] = Θ(~ω/2 − |µ|) at low tem-
peratures kBT  ~ω/2. Here χxx(ω) and χzz(ω) (the
dynamical conductivity at µ = 0) are
χxx(ω) =
vx
vz
Ix(ω), χzz(ω) =
vz
vx
Iz(ω), (11)
where Ix(ω) =
ω¯−
3
2
(1+ζ)
4pi
∫ pi
−pi(1 − ω¯−2ζ sin2 ν)−
1
2 sin2 νdν,
and Iz(ω) =
ω¯−
1
2
(1+ζ)
4pi
∫ pi
−pi(1− ω¯−2ζ sin2 ν)
1
2 cos2 νdν.
Plotting Eq. (11) and Eq. (10) in Fig. 2a we find a large
Fermi arc interband optical conductivity Re(σxx) when
light is polarized along xˆ; for parameters see caption. In-
deed, even at relatively low frequencies, Re(σxx) can be
up to 20 times of that found in monolayer graphene [15]
[Fig. 2a]. Strikingly, for frequencies approaching ~ω =
2∆0, surface Re(σxx) diverges. This peak structure in
the frequency dependence of Re(σxx) arises from a van
Hove singularity when the particle-hole spectrum transi-
tions between A- and B- type contours (Fig. 1a,b). Its
frequency dependence contrasts with the linear frequency
dependence of DSM bulk interband optical conductivity
that which vanishes at low frequency [16].
At low frequencies, the large values of Re(σxx) can
even dominate over absorption in the bulk for moder-
ately thin-slab samples. For illustration, we note that the
bulk optical conductivity in DSM slabs can be written
as Re [Gbulkxx (ω)] = (e
2/~)(1/12pi)(~ωLy/Az)Θ(~ω/2 −
µ) [16, 19], and is linearly dependent on the thickness
Ly, with Az the bulk carrier velocity [3, 8, 11]. Taking
Ly = 500 nm as an example, we find that the surface con-
ductivity in the x direction (solid line) overwhelms that
of the bulk (dashed line) at low frequencies [Fig. 2a].
For light polarized in the zˆ direction, the Fermi arc in-
terband optical conductivity Re(σzz) (Fig. 2b) exhibits a
significantly muted magnitude and frequency dependence
from that found for Re(σxx). To understand this we note
that the ratio between χxx/χzz scales as the square of
their velocities (vx/vz)
2 = (vk0/pi∆0)
2 [see Eq. (11)],
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FIG. 3: (a) Drude weight Dxx obtained from Eq. (13), with
parameters used same as Fig. 2; (b) Real part of conductivity
σxx, including both inter- and intra- band parts, at different
chemical potentials µ, where we have used ∆0 = 15 meV and
scattering time τ = 10 ps for illustration.
yielding a large ratio between χxx/χzz ∼ 100−1000. This
produces small Re(σzz) values and a linear dichroism for
transitions between Fermi arc states [21]. In contrast to
Re(σxx) above, we find that bulk interband optical con-
ductivity (dashed line) prevails over surface Fermi arc
(solid lines) when light is polarized along zˆ [Fig. 2b].
DSM surface state linear dichroism arises from the
combined action of the canted spin texture of ψk on the
surface, as well as the large spectrum of particle-hole ex-
citations that are supported in the wide DSM surface
state phase space, −k0 < kz < k0. Indeed, weak scatter-
ing between s = ±1 blocks encoded by a small ∆0, leads
to a slow vz velocity concomitant with a giant dichroism.
The linear dichroism of the DSM surface states (locked
to the orientation of the Dirac nodes along zˆ) provide
a means of determining crystal axis configuration of the
sample.
We note that the presence/absence of rotational sym-
metry on the surface can alter the nodal structure close
to the projected Dirac points at kz = ±k0; when rota-
tional symmetry on the surface is broken, the nodes at
kz = ±k0 are gapped out. However, the node at k = 0
is protected by TRS. As a result, we expect the qualita-
tive features of Re(σxx) to persist even when rotational
symmetry on the surface is broken.
Fermi arc intraband conductivity — At finite
chemical potential, µ 6= 0, low frequency optical tran-
sitions described in Eq. (10) are Pauli blocked. As we
now argue, the large conductivity along xˆ persists in the
Drude conductivity. We capture this by a simple Drude
model
σDxx(ω) =
Dxx
−iω + 1/τ , Dxx = −e
2
∑
k
u2kx
∂f(ξk)
∂ξk
,
(12)
where τ is the scattering time, and Dxx is the Drude
weight. Here ukx = 〈ψk|∂Hsurf/∂(~kx)|ψk〉 is the band
velocity in the xˆ direction.
For the degenerate limit, kBT  µ at low tempera-
tures, we use [−∂f(ξαk )/∂ξk] = δ(ηk − µ). Following the
same procedure above in Eq. (6)-(11), we obtain
Dxx =
e2
~
vx
vz
2∆0
pi~
Ix(µ), µ¯ = µ/∆0 (13)
where Ix(µ) = µ¯
(1−ζ)/2
4pi
∫ pi
−pi[1 − µ¯−(1+ζ) sin2 ν]/[1 −
µ¯−2ζ sin2 ν]1/2dν, and ζ(ω¯) = sgn (ω¯ − 1) as defined in
Eq. (8). Here we have used (ukx)
2 = (vx/~)2 cos2 φk.
In Fig. 3a, we plot the Drude weight obtained from
Eq. (13) as a function of µ. The Drude weight in-
creases sharply from µ = 0, and saturates to a large
value Dxx → D0 = (e/pi~)2vxk0 for µ¯  1. Here we
have noted that Ix(µ → +∞) → 1/2. Interestingly, the
large saturated value D0 is independent of ∆0, and de-
pends directly on the distance between the Dirac nodes,
k0. We note that the magnitude of k0 is determined by
the strength of band inversion m0 between the opposite
parity bands in the bulk as well as the kz band dispersion
parameter m1. Similarly, D0 captures the optical weight
that is redistributed to the surface (states) due to bulk
band inversion [1, 2, 12]. Since the value of k0 tracks the
transition from normal insulator to a topological Dirac
semimetal [2], the weight D0 accumulated on the surface
Fermi arcs can be used to optically probe this quantum
phase transition.
Large values of k0 are also responsible for the strong
inter-band optical conductivity along xˆ described above,
see Eq. (11). Indeed, directly summing the Drude and
the inter-band conductivities along xˆ in Eq. (11) and
Eq. (13), we obtain an approximate partial sum rule∫ Ω
0
Re [σDxx(ω)]dω +
∫ Ω
0
Re [σxx(ω)]dω = S, (14)
where we have taken Ω  1/τ, ~/∆0, ~/µ, and S =
(e2/~)(vxk0/2pi~) is a constant that depends on k0, the
distance between the Dirac nodes. In obtaining the
value of S, we have noted that ∫ Ω
0
Re [σxx(ω)]dω =
c
∫ Ω
2µ
Ix(µ
′)dµ′ = c∆0[Ix(Ω/2) − Ix(µ)], where c =
(e2/~2)(vx/vz). In the last line, we have used
∂µIx(µ) = ∆−10 Ix(2µ) [19]. We also noted that the
frequency integral of the intra-band conductivity yields∫ Ω
0
Re [σDxx(ω)]dω = (pi/2)Dxx = c∆0Ix(µ).
To illustrate the conservation of the optical weight S in
Eq. (14), we plot the inter- and intraband (Drude) con-
ductivity obtained from Eq. (10) and (12) as a function of
ω in Fig. 3b. Note that as µ is tuned from 10→ 20 meV,
parts of the red curve associated with interband conduc-
tivity become Pauli blocked. As expected from Eq. (14),
the missing area is transferred to the intraband conduc-
tivity, and is captured as an increased Drude weight,
D and a larger (green) peak height for the intraband
(Drude) conductivity in Fig. 3b. Eq. (14) is a powerful
tool to analyze the low-energy spectroscopic features of
the DSM surface states. Indeed, similar sum rule analy-
ses have been used successfully to study two-dimensional
5surface states e.g., graphene [17] and topological insula-
tor surface states [18].
Before closing, we briefly outline the conditions that fa-
vor the observation of large surface absorption in DSMs.
For example, we note that the regime in which inter-
Fermi arc transitions occur is limited by the bandwidth
of the Fermi arc surface states ∼ vxk0 which also directly
determines the optical weight S. Hence both wide k0 as
well as fast vx are favorable. In addition, we note that
when DSM bands possess particle-hole (p-h) asymme-
try (e.g. via q in Eq. (3)), the particular distribution
of occupied and unoccupied surface states that partici-
pate in absorption are directly impacted. For example,
p-h asymmetry can induce additional Pauli blocking that
can suppress the contribution of inter-Fermi arc transi-
tions to surface absorption and skew the linear dichroism
discussed above. For q  ∆q, the effects of p-h asym-
metry are negligible. Lastly, moderately thin samples
can suppress the contribution for bulk transitions, allow-
ing the surface absorption mediated by the Fermi arcs to
be observed clearly.
In addition to the inter Fermi arc transitions (discussed
above), and bulk-bulk interband transitions [16, 19], we
note that inter Fermi arc-bulk transitions may also oc-
cur. These transitions will further add to the already
large surface absorption from inter Fermi arc transitions
described above. However, we expect these depend sensi-
tively on the details of the dispersion on the surface. For
example, when rotational symmetry on the surface is bro-
ken, the nodes at the projected Dirac points at kz = ±k0
are gapped out. As a result, the inter Fermi arc-bulk
transitions for intrinsic DSMs will exhibit a gap. In con-
trast, inter Fermi arc transitions remain gapless since the
node at k = 0 is protected by TRS.
Fermi arc carriers can possess a strong light-matter in-
teraction, characterized by a large optical conductivity,
peak-like frequency dependence, as well as linear dichro-
ism of inter Fermi arc transitions. Importantly, Fermi
arc carriers have a strikingly different optical response as
compared with DSM bulk carriers. The delineated opti-
cal response between bulk and Fermi arc are a Hallmark
of how spectral weight is spatially distributed between
bulk and surface in DSMs, and can be used to character-
ize DSMs optically.
We thank Alex Frenzel and Mark Rudner for useful
conversations. This work was supported by the Singa-
pore National Research Foundation (NRF) under NRF
fellowship award NRF-NRFF2016-05.
[1] Z. J. Wang, Y. Sun, X. Q. Chen, C. Franchini, G. Xu, H.
M. Weng, X. Dai, and Z. Fang, Phys. Rev. B 85, 195320
(2012); Z. J. Wang, H. M. Weng, Q. S. Wu, X. Dai, and
Z. Fang, Phys. Rev. B 88, 125427 (2013)
[2] B. J. Yang and N. Nagaosa, Nat. Commun. 5, 4898
(2014)
[3] M. Neupane et al., Nat. Commun. 5, 3786 (2014)
[4] S. Y. Xu et al., Science 347, 294 (2015)
[5] S. Borisenko, Q. Gibson, D. Evtushinsky, V. Zabolotnyy,
B. Bu¨chner, and R. J. Cava, Phys. Rev. Lett. 113, 027603
(2014)
[6] M. Neupane et al., Phys. Rev. B 91, 241114 (2015)
[7] S. Y. Xu et al., Phys. Rev. B 92, 075115 (2015)
[8] Z. K. Liu et al., Science 343, 864 (2014) ; Z. K. Liu et
al., Nat. Mater. 13, 677 (2014)
[9] S. Jeon, B. B. Zhou, A. Gyenis, B. E. Feldman, I. Kimchi,
A. C. Potter, Q. D. Gibson, R. J. Cava, A. Vishwanath
and A. Yazdani, Nat. Mater. 13, 851 (2014)
[10] A. Akrap et al., Phys. Rev. Lett. 117, 136401 (2016)
[11] T. Liang, Q. Gibson, M. N. Ali, M. H. Liu, R. J. Cava
and N. P. Ong, Nat. Mater. 14, 280 (2015)
[12] A. A. Burkov, Nat. Mater. 15, 1145 (2016)
[13] A. C. Potter, I. Kimchi and A. Vishwanath, Nat. Com-
mun. 5, 5161 (2014)
[14] P. J. W. Moll, N. L. Nair, T. Helm, A. C. Potter, I. Kim-
chi, A. Vishwanath and J. G. Analytis, Nature(London)
535, 266 (2016)
[15] R. R. Nair, P. Blake, A. N. Grigorenko, K. S. Novoselov,
T. J. Booth, T. Stauber, N. M. R. Peres, A. K. Geim,
Science 320, 1308 (2008)
[16] P. E. C. Ashby, and J. P. Carbotte, Phys. Rev. B 89,
245121 (2014); D. Neubauer, J. P. Carbotte, A. A.
Nateprov, A. Lo¨hle, M. Dressel, and A. V. Pronin, Phys.
Rev. B 93, 121202 (2016)
[17] D. N. Basov, M. M. Fogler, a. Lanzara, F. Wang, and Y.
Zhang, Rev. Mod. Phys. 86, 959 (2014).
[18] K. W. Post, et al., Phys. Rev. Lett. 115, 116804 (2015).
[19] See Supplemental Material for a discussion of surface
states and a low-energy effective model, as well as in-
terband transitions for the Dirac semimetal bulk states.
[20] Here we adopted a continuous gauge that φk ∈ [−pi, pi]
with φkz=0 = 0.
[21] While Re(σxx) exhibits a peak-like frequency depen-
dence, Re(σzz) features only a small kink at ~ω/2 = ∆0.
This difference between Re(σzz) and Re(σxx) is due to
the appearance of a factor of (1− ω¯−2ζ sin2 ν) in the ma-
trix element |Mz|2 which eliminates the divergence in
ρ(ω, ν) ∼ (1− ω¯−2ζ sin2 ν)−1/2 at ω¯ → 1 and ν → pi/2.
6Supplementary Material for “Large optical conductivity of Dirac semimetal Fermi arc surfaces states”
Dispersion and Location of Fermi arc states
The low energy effective Hamiltonian of 3D topological
Dirac semimetal (DSM) in the bulk can be captured by
a minimal 4× 4 Hamiltonian H = H0 +H′ with
H0 = mqs0τ 3 +v(kxs3τ 1−kys0τ 2), H′ ∼ s1, s2, (15)
where q = (kx, ky, kz) is taken about the Γ point, s0 (τ 0)
is an identity matrix, and s1,2,3 (τ 1,2,3) are Pauli matri-
ces representing the spin (orbital) degrees of freedom.
We note that m is a mass parameter that characterizes
the band inversion of bands with different parity [1–3].
In three-dimensional topological Dirac semimetals, the
crystal possesses rotational symmetry about the zˆ axis.
Consequently, on the kz axis the band inversion takes the
form
m(kx = 0, ky = 0, kz) = −m0 +m1k2z , (16)
and H′ = 0. Using this form of the band inversion cap-
tured in m(0, 0, kz) in Eq. (15), a pair of Dirac points
(0, 0,±k0) with k0 =
√
m0/m1 emerge in the bulk due
to the band inversion around the Γ point and rotational
symmetry along the kz axis.
We will now consider a semi-infinite DSM that fills
y > 0, and vacuum for y < 0. This leaves a x-z surface
at y = 0. Note that in the DSM m0 > 0 in Eq. (16) since
bands with different parity are inverted close to Γ. As a
result, we will model m0(y) > 0 for y ≥ 0 (for the DSM),
and m0(y) < 0 when y < 0 (for vacuum).
To obtain the Fermi arc surface states, we substitute
ky → −i∂y and make an ansatz for the surface state
wavefunction: |ψk↑↓〉 = e−y/λku↑↓ which is localized at
the surface at y = 0 and decays in the bulk. Here
k = (kx, ky) and u↑↓ are a pair of k-independent and or-
thogonal spinors corresponding to the s = 1 and s = −1
spin blocks in Eq. (15). Taking H′ = 0 since it is weak
and vanishes along the kz axis as H′ ∼ O(k3), we obtain
an an eigenproblem
H0|ψk↑↓〉 = εk↑↓|ψk↑↓〉 (17)
for each of the spins. For spin ↑ (↓), we have(
mk − εk ±vkx + v/λk
±vkx − v/λk −mk − εk
)(
ψ1(3)
ψ2(4)
)
= 0, (18)
where ψi represents the components of the 4-spinor ψ =
(ψk,↑, ψk,↓); here i = 1, 2, 3, 4. Solving Eq. (17) yields
Jackiw-Rebi type surface states localized around y = 0
which decays into the bulk (y ≥ 0):
|ψk↑〉 = e
−y/λk
√
2

1
1
0
0
 , |ψk↓〉 = e−y/λk√2

0
0
1
1
 , (19)
and energy
εk↑↓ = ±vkx, λk = −v/mk. (20)
We emphasize that λk = −v/mk is a self-consistent equa-
tion since the mass parameter itself depends on λ via
m(kx, ky = i/λk, kz).
When mk → 0, the decay length λk = −v/mk diverges
and the wavefunction merges into the bulk. As a result,
the positivity of the decay length, i.e., the normalizable
requirement of the wavefunction, limits the existence of
surface states in k-space to the region where mk < 0.
Therefore we can only find Fermi arc states between kz ∈
[−k0, k0] with k0 =
√
m0/m1, i.e., the two Dirac points.
Effective Hamiltonian for the Surface States
To obtain the effective Hamiltonian for Fermi arc sur-
face states, we use |ψk↑↓〉 as a basis and treat H′4×4 as
perturbation. Projecting the full 4× 4 Hamiltonian into
this basis, we obtain the surface Hamiltonian
[Hsurf ]ij = 〈ψki|H0 +H′|ψkj〉, (i =↑↓). (21)
Using the basis wavefunctions from the previous sec-
tion, one can verify that the effective surface Hamiltonian
reads as
Hsurf,0 = vkxσz + ∆kσx, (22)
where ∆k captures the coupling between the ↑ and ↓
surface states, and σx,y,z are Pauli matrices. For intrinsic
inter-spin mixing captured by H′, we find ∆k = ∆(0)k =
〈ψk↑|H′|ψk↓〉 ∼ 〈ψk↑|kzk2+|ψk↓〉, where k+ = kx + iky.
We note that ∆
(0)
k has three nodes: one node at
k = (0, 0), and a pair at the projected Dirac points
±k0 = (0,±k0). The former node, arises from a Kramers
degeneracy of spin up and down surface states at Γ point,
and is protected by time-reversal symmetry. The later
two nodes come from rotational symmetry along the kz
axis. In the bulk and along the kz axis (kx = ky = 0),
H′4×4 = 0 yielding no coupling between ↑ and ↓ states.
Similarly, on the exposed surface y = 0, we find ∆
(0)
k =
αkz(kx − 1/λk)2. Crucially, at the two projected Dirac
points (kx = 0, kz = ±k0), the inverse decay length
1/λk0 → 0. As a result, ∆(0)k also vanishes at the pair of
projected Dirac points due to rotational symmetry.
Surface potentials can also contribute to Eq. (22) yield-
ing renormalized values of ∆k = ∆
(0)
k + ∆
′
k, where ∆
′
k
arise from a surface potential Vsurf mixes ↑ and ↓ spins
on the Fermi arc states so that
∆′k = 〈ψk↑|Vsurf |ψk↓〉, (23)
7where
Vsurf =
(
0 V↑↓
V †↑↓ 0
)
, (24)
with Vss′ (s, s
′ =↑, ↓) are 2 × 2 matrices. We note that
for Vsurf that breaks rotational symmetry, ∆k at ±k0 =
(0,±k0) may no longer vanish identically since this lifting
the degeneracy of the two surface states at the projected
Dirac nodes. However, for simplicity we will concentrate
on Vsurf that preserve rotational symmetry in the main
text.
We emphasize that non-time-reversal-breaking surface
potentials cannot lift the Kramers degeneracy at the Γ
point. To see this, note that
∆(Γ) =〈ψΓ↑|H(Γ) + Vsurf |ψΓ↓〉
=〈ψΓ↑|H(Γ) + Vsurf |ΘψΓ↑〉
=〈(−iKsy)ΘψΓ↑|[H(Γ) + Vsurf ]∗|(−iKsy)ψΓ↑〉
=〈Θ2ψΓ↑|H(Γ) + Vsurf |ΘψΓ↑〉
=−∆(Γ) = 0, (25)
during which we have used [Θ,H(Γ) + Vsurf ] = 0, and
Θ = −iKsy is the time-reversal operator where sy =
(sy)† acts on the real spin. From the second line to the
the third line, we noted that ∆(Γ) is real valued and
took the complex conjugate of overall expression. Lastly,
we also noted that the time-reversal operator squares as
Θ2 = −1 (see fourth and fifth lines). To capture the both
the intrinsic and surface potential contributions to inter
arc mixing, we use a minimal phenomenological model
for ∆k that respects both TRS and RS.
Lastly, we comment, parenthetically, that surface po-
tentials can also in-principle induce particle-hole asym-
metric terms. However, these can depend sensitively on
the surface termination and sample preparation, and are
beyond the current scope of our work.
Jacobian factor for inter surface state transitions
The Jacobian factor in the main text [see Eq. (6)] are
different for A-type and B-type contours. The idea is to
avoid singularities by choosing different sets of parame-
ters for A-type or B-type transitions.
In A-type contours, ~ω < 2∆0, the contours are discon-
nected segments and can be described by the parameter
φk which is continuous between −pi to pi. In this case,
we have√
v2k2x + ∆
2
0 sin
2 pikz
k0
= η, φk = arctan
∆0 sin
pikz
k0
vkx
,
(26)
yielding
R =
∣∣∣∣∂(kx, kz)∂(η, φ)
∣∣∣∣ = 2 1(2pi)2 k0piv η∆0 1[1− (η/∆0)2 sin2 φ]1/2 ,
(27)
where a factor of 2 in the numerator comes from adding
up contributions from the central circle, as well as the
side circles (see Fig. 1b in the main text); In B-type con-
tours, ~ω ≥ 2∆0, the contours are two curves can be
described by the parameter kz which is continuous be-
tween −k0 to k0. In this case, we use another set of
parameters (η, ν) where ν ∈ [−pi, pi]:√
v2k2x + ∆
2
0 sin
2 pikz
k0
= η, kz = k0
ν
pi
, (28)
and arrive at
R =
∣∣∣∣∂(kx, kz)∂(η, ν)
∣∣∣∣ = 2 1(2pi)2 k0piv 1[1− (∆0/η)2 sin2 ν]1/2 ,
(29)
in which the factor of 2 results from summing over contri-
butions from two singly-connected Fermi arcs (see Fig. 1b
in the main text).
Optical conductivity of bulk states
Neglecting cubic terms, the 4 × 4 Dirac semimetal
Hamiltonian (Eq. 15) has two non-interacting and time-
reversal blocks, and each of them possesses a pair of Dirac
nodes. We can pick one of the four Dirac nodes to calcu-
late the optical response. Near the Dirac nodes (0, 0, k0),
where k0 =
√
m0/m1, the Hamiltonian can be simplified
as
H↑ = (Axkx,−Ayky, Azkz), (30)
where Ax = Ay = v, and Az = 2
√
m0m1. The eigenstate
and energy for the 2× 2 Hamiltonian are
ψ+q(r) =
(
cos
θq
2
sin
θq
2 e
iφq
)
, ψ−q(r) =
(
sin
θq
2
− cos θq2 eiφq
)
,
(31)
with
tan θq =
Ax
Az
√
k2x + k
2
y
kz
, tanφq = −ky
kx
, (32)
and
ξ±q = ±
√
A2x(k
2
x + k
2
y) +A
2
zk
2
z , (33)
where q = (kx, ky, kz).
In the presence of incident light E = E cosωt, electron-
hole transitions occur between the occupied bulk states
and unoccupied bulk states. These can be described via
the standard golden rule technique as
W↑ =
2pi
~
∑
q
|M↑,q|2δ(ξ+q − ξ−q − ~ω)Θ(~ω− 2|µ|), (34)
8where Θ(~ω−2|µ|) means that only when the energies of
incident photons are greater than |2µ|, which is the chem-
ical potential counted from the Dirac nodes, the optical
transitions are allowed.
Writing k → k − eA/~c in the spin up Hamilto-
nian (Eq. 30), with the vector potential satisfying A =
(1/c)∂tE, and expanding to linear order in E yields the
matrix elements
|M↑,q,i|2 =
(
ieAiEi
2~ω
)2
|〈ψ+q|σi|ψ−q〉|2, (i = x, y, z).
(35)
Using the eigenstates given above, we have
〈ψ+q|σx|ψ−q〉 = sin2 θq
2
e−iφq − cos2 θq
2
eiφq , (36)
〈ψ+q|σy|ψ−q〉 = i(sin2 θq
2
e−iφq + cos2
θq
2
eiφq), (37)
and
〈ψ+q|σz|ψ−q〉 = sin θq. (38)
For linearly polarized light E = Exˆ (E = Eyˆ), it gives
|M↑,q,x(y)|2 =
(
evE
2~ω
)2 (
cos2 θq cos
2 φq + sin
2 φq
)
,
(39)
The transition rates for both the Dirac nodes,
(0, 0, ζk0), are the same when they have the same chem-
ical potential
W↑,x(y) =
2pi
~
(
evE
2~ω
)2∑
q
(
cos2 θq cos
2 φq + sin
2 φq
)
× δ(ξ+q − ξ−q − ~ω) Θ(~ω − 2|µ|)
=
e2
~
1
48pi
1
Az/Lz
LxLyE
2 Θ(~ω − 2|µ|). (40)
Using Ohm’s law
~ωW↑,x(y) = Re [σbulk↑,xx(ω)]E2LxLy/2, (41)
one has
Re [σbulk↑,xx(ω)] =
e2
~
1
12pi
~ω
Az/Lz
Θ(~ω − 2|µ|), (42)
where we have summed over both two nodes.
Similarly one has
Re [σbulk↑,zz (ω)] =
e2
~
1
12pi
~ω
A2x/AzLy
Θ(~ω − 2|µ|). (43)
Useful identity involving Ix and Ix
During the calculation of interband conductivity de-
scribed in the main text, the frequency dependence of
interband conductivity arose from
Ix(ω) =
ω¯−
3
2 (1+ζ)
4pi
∫ pi
−pi
(1−ω¯−2ζ sin2 ν)− 12 sin2 νdν, (44)
where ω¯ = ω/2∆0, ζ(ω¯) = sgn (ω¯ − 1). Similarly, the
intraband (Drude) conductivity exhibited chemical po-
tential dependence in the form
Ix(µ) = µ¯
(1−ζ)/2
4pi
∫ pi
−pi
1− µ¯−(1+ζ) sin2 ν
(1− µ¯−2ζ sin2 ν)1/2 dν, (45)
where µ¯ = µ/∆0. In Eq. (45), the exponent ζ de-
pends on the chemical potential as ζ(µ¯) = sgn (µ¯ − 1).
We note that it will be useful to express both Eq. (44)
and (45) in terms of the elliptic integrals of the first,
and second kind, K(x) =
∫ pi/2
0
(1 − x sin2 φ)−1/2dφ, and
E(x) =
∫ pi/2
0
(1 − x sin2 φ)1/2dφ respectively [Note that
here we define K(x) and E(x) in terms of the parameter
x = k2, where k is the elliptic modulus]:
Ix(ω) =
K(ω¯−2ζ)− E(ω¯−2ζ)
piω¯
1
2 (3−ζ)
, (46)
and
Ix(µ) = µ¯
ζE(µ¯−2ζ)− (−µ¯+ µ¯ζ)K(µ¯−2ζ)
piµ¯
1
2 (1+ζ)
. (47)
When ζ = ±1, and by directly taking a derivative, we
find
∂µ¯Ix(µ) = K(µ¯
−2ζ)− E(µ¯−2ζ)
piµ¯
1
2 (3−ζ)
, (48)
In obtaining Eq. (48) we have used the identities
dK(x)/dx = E(x)/2x(1 − x) − K(x)/2x, dE(x)/dx =
[E(x) − K(x)]/2x Using ∂µ = ∆−10 ∂µ¯, and comparing
Eq. (48) with Eq. (46) we have
∂µIx(µ) = ∆−10 Ix(2µ), (49)
where we have made the replacement of ω = 2µ in the
final line.
